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Abstract

Limiting procedures for the Feynman type path integral are considered.
The evolution operator is approximated with operators corresponding to the
exponential of the Hamiltonian’s symbol. The proof of convergence uses
Chernoff’s theory and its extension on the class of stable operators. The
approach is especially adequate for the generalized coherent states path integral,
where decomposition of a Hamiltonian into the sums used in the approach based
on Trotter’s formula may be unnatural.

PACS numbers: 03.65.—w, 03.65.Ca, 02.90.+p

1. Introduction

There are several approaches to the rigorous definition of a real-time Feynman path integral
[1-12]. One of them is based on a limiting procedure for finite-dimensional approximations.
Such a treatment gives a possible way to bypass the problems of measures in the space of
continual paths. It is rather useful for many practical purposes. The conventional proof
of convergence for the limiting procedure uses Trotter’s formula or its generalizations [1-4,
13—-16]. It utilizes decomposition of the Hamiltonian into the sums.

In many cases such a decomposition is artificial and may not be adequate for the
natural structure of a Hamiltonian. This justifies an interest in approaches which need no
decomposition. Decomposition can be discarded within Chernoff’s theory [17]. In the present
paper, we consider this approach and extend it on the class of stable operators. A treatment is
based on the concept of operator’s symbols [18—23]. The approach is especially adequate to
the generalized coherent states path integrals [24-27].

2. Approximation of the evolution operator

We assume a one-to-one correspondence between operators and their symbols
-~ CP
A—— A,
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We use (if not stated otherwise) the same letter for the operators and their symbols. It is also

assumed that the product of operators A-B corresponds to the convolution of symbols being
correspondingly defined as
A-B—= 5 AxB.

Such a correspondence often takes place in the theory of pseudo-differential operators and
the related context [5, 18-23]. It naturally occurs in the generalized coherent states technique
[18]. For convenience, the exact forms of correspondence for some conventional systems of
symbols are presented in the appendix.

Let

U, = exp(—itH) (1)
be the evolution operator on the time interval [0, co) (7 = 1).
Let us introduce the operator I7V, corresponding to the symbol of the form
W, = exp(—itH), 2

where H is Hamiltonian’s symbol. It is assumed that H,U, belongs to the domain and W, to
the range of CP.

Limiting procedures for the Feynman type path integral considered below are based on
the formula

1
U, = lim W,, N 3)
[—o0 l

the limit is taken in the strong operator topology. In this section, we consider the proof of
equation (3).

First, under certain conditions Chernoff’s theory [17] can be used. Suppose that operators

Wt are strongly continuous and contractive on time interval ¢ € [0, co), that ﬁ/o = 1 and

that %(0) = —iH defines strongly continuous and contractive semigroup equation (1). All
operators are considered on some Banach space. Then equation (3) is valid according to
Chernoft’s theorem [17].

Chernoff’s theory and hence equation (3) can be extended on a more general class of
stable operators. Let us consider this assertion.

The stability condition for the family of operators w Ar on the Banach space is defined by
relation [13]

Ja, B, 7 >0 Vk > 0, At € [0, 1) [ wk, | <a-exp(BkAD). 4)
Let us consider first a special case of stable systems—the so-called proper systems of operators
[13].

Let us call bounded operator T a proper one if all its positive powers are uniformly
bounded,

o > 1 Vk >0 1T < a.

The system of operators Wa isa proper one if all its operators are proper ones with the same
constant ¢, so that the condition of the form (4) with 8 = 0 is valid. The so-called proper
semigroup of operators is defined by relations [13]

St +s) = S)S(s), t,s >0,
lim St) =1, (5)

ISOI <a, >0
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Chernoff’s theory (as well as Trotter’s) is based on the Laplace transform relation,
connecting the semigroup with its resolvent

— — —_ oo —
R, (2) = (Al — Q)_1 = / exp(—Atr)S(z) dr, A >0,
0
where
_ 1 - ~
Q= }gl’(l) ;(S(t) —1)

is the infinitesimal generator of the semigroup. The resolvent of the proper semigroups for all
A > 0 is bounded in norm [13]

IR(Q)] < % ©6)

Let us note that for contraction semigroups & = 1 in equation (6).

All proofs of Chernoff’s paper can be extended on the proper semigroups with minor
changes. In the proof of lemma 1, the bound condition (6) should be used for the norm of
resolvent, instead of that with ¥ <« 1, valid for contractions. In the proof of the proposition
it should be taken into account that as well as for contractions the proper semigroups are
uniformly bounded (equation (5)). It is easy to check that lemma 2 can be formulated as
follows:

e LetT bea proper operator on Banach space X.
e Then exp(t(YA" — 7)) is a proper semigroup.
e Forall x € X and natural n we have ||(exp(n(T — 1)) — T")x|| < o*n'2||(T — Dx||.

Lastly extension of Chernoff’s theorem, based on proposition and lemma 2 looks like

e Suppose that W, is a strongly continuous and proper family of operators on time interval

t € [0, 00), that Wo = 1 and that %(0) = —iH defines the strongly continuous and
proper semigroup equation (1).
e Then equation (3) is valid in the strong operator topology.

Extension to the stable operators can be achieved with the trick used in [13]—if w Ar 1S

a stable family of operators then the closely related family exp(—BAf) - Wa isa proper one.
This proves equation (3) for the class of stable operators.
Let us make some notes.

(D In connection with the application to the path integral we consider in section 3 and
the appendix the case of covariant symbols. For the so-called contravariant symbols
convergence of formula similar to equation (3) in the strong operator topology was
considered in [22].

(IT) Chernoff’s treatment essentially uses Trotter’s approach [13], based on the relation
between a semigroup and its resolvent. It is valid when the spectrum of the generators
does not lie on the positive imaginary semiaxis. An alternative treatment can use

other estimations of the residual U IAZ — VV’AI. There are several works related to this
subject in the context of Trotter product formula including the ones with explicit error
estimations for some classes of generators [28—31]. The work [29] generalizes the results
of Chernoff’s theory [17] to the convergence in the operator-norm topology.
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Below are given simple sufficient conditions which lead to equation (3) (in operator-

norm topology). Let us assume that both families of operators Ui W, are stable.
Taking into account an equality
I-1
Uy =Wy =Y U Us = WayWi}t!
k=0
and the stability condition (3) we have

-1
U = Wiy <D UKW s = Wap Wit <1 exp(BOIIU A — Walll
k=0

Performing an exponential expansion the residual U Al — w A7 can be written as

- - = GADk . D ) =
Usi=War=) ~——H" = H") = A - Qy,, (7)
k=2 ’

—~
where H* is an operator with a symbol H*. The terms of the expansion may be

unbounded operators, so the expansion can be used only to find the form of equation (7)
in the case of strong operator topology. The expansion should be eliminated in the

treatment of the operator-norm convergence. An operator Q, should be directly defined

by the left-hand side of equation (7). Obviously, Q As 18 bounded and normalizable for
any 0 < Ar < 1 (as the left-hand side of equation (7)). Let us assume that for some

0 < y < 1 the following value is finite M = sup,,c(.r) At ||Qas]] < oc. Then we
have

| Ul — Wl | < Mo At texp(Bt) — 0.
—00

This confirms operator-norm convergence in equation (3) under made assumptions. A
certain limitation of the assumption of finite M is the difficult to verify it [28-31]. For
some classes of operator’s symbols the derivation of equation (3) on the basis of equation
(7) was considered without the proof in [19].

(II) See how Trotter formula follows from equation (3). For example, let us consider a
Hamiltonian of the form

H=T+V ®)
with
T =T(p), V=V(Q). 9)

This Hamiltonian is naturally to be considered in terms of gp-symbols equation (A.17).
Using their properties listed in the appendix it can be shown that in this special case we
have

Wa; = exp(—iAtV) - exp(—iAIT),

so equation (3) turns into the conventional Trotter formula.

~ —=
(IV) In expression (7) for the residual we have lima;o0Q2a; = %( H? —H?). For the
Hamiltonian of the form, equations (8) and (9), the right part of this equality can be

expressed through the commutator H?>— H? = [T, \7].
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(V) Let us consider a simple example of the non-Hermitian Hamiltonian H = eqp
with the real parameter ¢ which is not of the type equations (8) and (9). Its
gp-symbol is H = eqp. For simplicity we consider the case of one dimension.
Using the formula for the convolution equation (A.19) it can be easily calculated as

(W, % ¥)(q) = ¥ ((1 — Ate)q), so |Wa | = (1 — Ate)~"/2. Let us restrict operators
on the subspace where operator iH is bounded, so that the semigroup equation (1) is

stable. For negative values ¢ < 0 operators w Ar are contractive and equation (3) is valid
according to Chernoff’s theory. Taking into account that

Je, >0 YOS Ar <1 (1 — Are)™1? < exp(cle| Ar)

operators W A, are stable and equation (3) is valid for all real parameters ¢ according to
the extended theory.

3. A limiting procedure for Feynman-type path integrals

In this section, we consider prelimiting approximations and limiting procedures for a Feynman
path integral. The forms of results are well known maybe except for the general case, but using
operator’s symbols and the coherent states technique together with equation (3) leads to the
simple derivation and the proof of convergence valid for a more general class of Hamiltonians.
We include in consideration also a relatively less considered case of the fermionic coherent
states path integral. A relevant question but from another standpoint for some special cases of
operator’s symbols not using the generalized coherent states technique was considered in [5].

The existence of some relationship may be noted between definitions of a Feynman path
integral based on the limiting procedure and based on the concept of integrators in functional
spaces [7-9]. In contrast to the last approach the first one even does not appeal a priory to
the functional space of continual paths. At the same time prelimiting approximations have a
similar form to approximations, which can be obtained within the integrators technique for
some mappings from the space of continual paths into the spaces of finite dimension [7]. This
may be treated as implicit evidence of approximations convergence.

3.1. Generalized coherent states path integral

The I/th power of operator w A; corresponds to the /th power of convolutions of the operator’s
symbols W,, equation (A.5). We use notation W** = W x - -. x W. So we have the following
———

n
representation of the /th power of convolutions in the form of path integral in the space of

discrete paths

W (@, B) = exp(—8Q(a, ﬁ))/eXP(S(&))d&, (10)
where
& = («p, ..., 0q) is a virtual path, @ = ¢4, B = « are boundary conditions,
-1
11
da = 1_[ du(ay) is a measure on the space of virtual paths, (I
k=1
-1
S=) ASe  ASe=81Q0, o) — IAH (o, ). (12)
k=0
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Equation (12) is the integral sum for the integral
S= /id*dIQ —idtH,

where d; Q2 (o, B) = % da is the differential 1-form on the space ®2 and id* is pullback
of a diagonal map id : ® — A C ®2, so that id* d;2(«, ) is the differential 1-form on the
space .

As was often noted (for example [19, 27]) there are specific shifts in arguments of
functions, entering prelimiting forms of actions (equation (12) and further ones) which gives
rise to corresponding infinitesimal time shifts in correct forms of integrals in limit.

For the Hamiltonians satisfying considered in previous section conditions of equation (3)
validity we obtain following convergent limiting procedure for the generalized coherent states
Feynman path integral representation of the evolution operator’s symbol

Ui, p) = lim WS (@, p). (13)

So we have the following commutative diagram of the correspondence and Feynman
principles

H —s U,
CP| | CP,

H — U
FP

where both the correspondence principle (CP) and the Feynman principle (FP) depend on the
choice of the generalized coherent states system and the arrows should be treated in the same
system.

Equations (10)—(13) can represent many other related values, for example, wavefunction’s
symbol, density operator’s symbol, evolution operator’s kernel, symbols of functions of
Hamiltonian, transition amplitude, scattering cross sections and so on.

3.2. A case of Kahlerian manifold

In the case of Kahlerian manifold & the general representation, equations (10)—(12), can be
written using convolution in the form (A.10) as [26]

Wil(a*, B) = exp(—=2J8*F (a*, B)) / exp(S(a)) da, (14)
where & = (wo, ..., «;) is a virtual path with boundary conditions o« = «;, B = o and
-1
dar = [ T dputon) (15)

k=1
is a measure on the space of virtual paths with invariant measures equation (A.8),

-1
S=)_ AS, AS, =2J8*F(a},, ax) — iATH (atf, . o). (16)
k=0
S is the integral sum for the classical Hamilton—Kahler action
S = /ZJB*F—idtH,

where 0*F is the differential 1-form in the complexification of cotangent bundle on the
homogeneous space & [23].

6
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Let us note that a convolution written in another form (A.9) leads to a path integral over
generalized coherent states of the form presented in [27].

In the case of canonical group generalized coherent states with the Kahlerian phase space
@ = C" the representation, equations (14)—(16), can be written using equations (A.7), (A.12)
and (A.13) as

Wi (@, B) = exp(—(a — B)*B) / exp(S(a)) da,

where
-1
dof A do
da =[] L+
A @iy
-1
S=Y AS. AS. = Aafay —iAtH (o), ay), Aof =af,, —af,
k=0

S is the integral sum for the classical Hamilton—Kahler action on flat the phase space ® = C”

3.3. A case of Grassmann algebra

In the case of Grassmann symbols the Feynman path integral representation can be written
using equations (A.7), (A.12) and (A.13) as

Wi (@, B) = exp(—(a — B)*B) / exp(S(a)) da, 7)

where & = («ay, . . ., o) are virtual paths in a set & of Grassmann algebra generators with the
boundary conditions
o =a, B =ao

and integration over paths of Grassmann algebra generators (equation (A.14)) [20],

-1
da = [ | doj doy.
k=1

The Grassmann action has the form
S=S8SB-S0,

-1
SB =) AS. AS, = Aajay —iAtH (o, o), Aaf =af,, —af,
k=0

-1 k

SO =AtY H (af, . ) At Y H (o}, ).
k=0 j=0

The term SO appears for the Hamiltonian with arbitrary Grassmann parity [25] since
Grassmann symbols are non-commutative in general case. For arbitrary Grassmann parity
elements A, B € A one has

exp(A) exp(B) = exp(A + B + A’B?),

where A = A¢ + A is separation on even—(e) and odd—(o) parts.
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SB is the integral sum for the Grassmann action of the form similar to the bosonic case.
The additional term SO is the integral sum for the integral

t s
SO :/ dsH”(oz;f‘,ots)/ dtH (o], o).
0 0

The form of equation (17) for the fermionic Feynman path integral is similar to the bosonic
case except for a different form of the Grassmann action. Actions coincide in the case of even
Grassmann parity of the Hamiltonian symbol (Hamiltonian even by fermions). In the general
case specific additional term appears, which is nonlinear relative to the Hamiltonian and is not
local in time [25] (the explicit memory effect in the system).

3.4. A case of gp-symbols

The /th power of convolutions of the gp-symbols W,, equation (A.17) can be written with
equation (A.19) as

Wi(q, p) = / exp(iS(g, p)) dg dp

qg=1(qo,---,q1) p=(po,...,pi-1) virtual path
q =41 = 40, P = Do boundary conditions,
g ap =[] 92, "
e 2m)"
-1
S = Z ASy, ASy = Agrpr — AtH(Gr+15 Pr), Agr = qr+1 — g
k=0

where S is the integral sum for the classical Hamilton’s action.
This leads to the following limiting procedure for the phase-space Feynman path integral
representation of the evolution operator’s gp-symbol

Ui(g, p) = lim Wil(q, p).

Similar considerations lead to the representation of the wavefunction’s U Y gp-symbol
equation (A.18)

(qIle/f = llggo (WZIt * lﬂ)(Q), (WZI, * 1/f)(q) = feXP(iS(é, P (qo)dg dp,
g =1(qo,--->4q1) P =(pos---sPi-1)
q=q final condition, (19)
-1
L dgx dpy
dgdp = .
gdp ]E) oy

In the case of the Hamiltonian of the form equations, (8) and (9), with the quadratic term
2
T(p) = é’—m the integrals (18) and (19) are the Gaussian integrals over variables p. Performing

8
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integration, for example, in the case of the integral (19) we obtain the Feynman path integral
representation of the wavefunction in the configuration space

qlUy = Jlim (W3 =) (@), (Wil ) () = /GXP(iS(q))W(qo) dg,

g =1(qo,---,q), q=q final condition,
-1 ;
mo o\
dg =1 cdq;, C= ( ) ,
a=[]caw, 2 il
j=0
-1 Ag
k
S = ASy, AS, = At - (T -V s = —,
1?:0 3 k (T (mvy) (Gr+1)) Ve =

where S is the integral sum for the classical Lagrange action along the virtual path §g.

4. Conclusions

A finite-dimensional approximation for some types of the path integral considered in this
paper uses an approximation of the evolution operator on a time slice with the operator
corresponding to the exponential of the Hamiltonian’s symbol. The proof of the path integral
approximations convergence to the evolution operator symbol uses equation (3), which may
be grounded on Chernoff’s theory and its extension to the class of stable operators. With
this formula Hamiltonian needs no decomposition into any sums as in the case of the Trotter
product formula. It is most adequate, for example, to the limiting procedure for the generalized
coherent states path integral, where such a decomposition is unnatural.

Appendix

A.l. General case

For convenience, some known facts about the generalized coherent states technique [18]
related to this paper are presented here. The system is associated with some irreducible
unitary representation of the group G. Generalized coherent states are parameterized by some
group homogeneous space ¢

la) € W, ASHON

where W is the representation space. It is usually assumed to be normalized as (« | @) = 1.
An essential feature is resolution of unity

1= / o) (el dpe @), (A1)

where du (o) is the G-invariant measure on ®.
The so-called covariant symbols [18—23] are defined as follows:
(@|A|B)
Ala, B) = . (A.2)
(x| B)

Often covariant symbols are defined only on ® as A(w, ), but we need its extension

equation (A.2) on ®2. The symbol of the product of operators A - B is the convolution
of symbols of the factors, which with equations (A.1) and (A.2) can be written as

Ax B(a, B) = (a|p)”! / A, y) - By, B){e [ y)(y | B) du(y). (A.3)

9
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Twice implementing resolution of unity we obtain the form of restoration of the operator by
its symbol

;1=/|01)A(m B) (el B) (Bl dpu(e) diu(B). (A.4)

Let us write the scalar product of coherent states in an exponential form as (@ | ) =
exp(2 (e, B)). Taking into account the normalizing condition of coherent states Q2 (o, o) = 0
an exponential form of their scalar product can be written in terms of partial differences with
respect to the first argument §; 2 (¢, B) = Q(«, ) — Q2(B, B) as

(@[B) = exp(8:2(a, B)),

and the convolution equation (A.3) can be written as

A B(a, ﬂ)=/A(Of, y) - B(y, B)exp(8:1Q(a, y) +8:Q2(y, B) — 612 (e, B)) du(y). (A.5)

A more symmetric form uses both partial differences
8:Q(a, ) = Q(a, ) — Q(a, B), A =36 —6,
(o | B) = exp (;AQ(e, B)),

which yields the convolution written as

1 1 1
AxB(a, B)= / A, y) - B(y, B) exp <5AQ (a,y) + EAQ(V’ B) — EAQ(% ﬂ)) du(y).
(A.6)

A.2. A case of Kahlerian manifold

An important special case is the group homogeneous space ® having a structure of Kahlerian
manifold. In this case, the complex conjugate in the symbol definition (A.2) is used,
A*, ) = (OlIAIﬁ>. A7)
(] B)
For some groups and some of representations [18] the invariant measure in resolution of
unity and the scalar product of coherent states can be expressed with the Kahlerian metric
potential F(«*, o) (and its extension F(a*, f)) as follows,

du(a) (J) - det 1 _9*F
= - de _
s " 2rida*0 o

) da* A da,
(A.8)

where J = 0, % 1, ... is the representation index and m(J) = 2J + 1.

It is convenient to write the scalar product of coherent states in terms of Kahlerian metric
potential differences

§*F(a*, ) = F(a*, B) — F(B*, B),
SF(a*, ) = F(a*, o) — F(a*, B),
(o | B) =exp(J - AF (a7, B)), A =6§*—36.

In these terms the convolution equation (A.3) can be written as (a special case of the general
form (A.6))

Ax B(a*, B) = /A(oz, v)-B(y,B)
x exp(J - (AF(a*, y)+ AF(y*, B) — AF(a”, B))) du(y), (A9)

10
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or as (a special case of the general form (A.5))

AxB(a", B) = /A(Ot, y) - By, p)
x exp(2J - (§"F (o, y) + 8" F(y*, B) — 8" F(a*, £))) du(y). (A.10)

In the case of canonical group coherent states (sometimes called Glauber or bosonic coherent
states) the Kahlerian manifold is flat ® = C” and the Kahlerian metric potential is F = o™ - «,
so that

do* A da
du(a) = G (A.11)
1
(| B) =exp <a*ﬁ - E(“*“ + ﬂ*ﬂ)) . (A.12)
Ax B(a*, B) = fA(Ot*, Y)-B(y™, B) -exp((a —y)* - (y — B) du(y). (A.13)

A.3. A case of Grassmann algebra

In the case of canonical super-group the generators i, a”, a satisfy canonical anti-commutation
relations. Coherent states (sometimes called fermionic coherent states) |«¢) € W are
parametrized by generators o € ® (dim ® = 2n) of Grassmann algebra A (dim A = 2%"),
where 7 is a number of annihilation operators. The conventional representation space is Fock
space F for fermions. Fermionic coherent states introduced in [33] lie in its extension with
Grassmann algebra W = A ®¢ F. Itis assumed that involution * is defined on A [20], so that
generators are split into pair as

o= %(s, in) and of = %5(5’ —in), (dimé& =dimn = n).

Most formulae with fermionic coherent states have the form similar to the bosonic case.
The resolution of unity has the form (A.1) where

du(e) = do* da = i" d dn, (A.14)

with integration over Grassmann algebra generators [20]. Coherent states are eigenfunctions
of canonical super-group generators (with provision for duality) with Grassmann eigenvalues

akla) = axla), (ala; = (et

Covariant symbols, the scalar product and the convolution of symbols are defined by formulae
exactly similar to the bosonic case—equations (A.7), (A.12) and (A.13), respectively. Symbols
are Grassmann algebra elements.

AA4. A case of gp-symbols

An operator’s gp-symbols (sometimes called left symbols) [18—22] can be treated in terms
resembling definition of the canonical group generalized coherent states symbols. Let

@=Q<i), Q=%2(ll. _ll.), 0 =0

be a canonical transform of canonical group generators [18] yielding generators 1, q,p
satisfying canonical commutation relations in the form

Vike{l.....n}  [q;. pl =i8ul, [1.g;1=1[1,p;]=0.

Q) Q)

11
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The convensional representation in the space of states W is defined as ¢ = x, p = +-2

i9x
Let us consider two systems of states—one in the canonical group representation space

and another in the dual space

|p) = exp(ixp) € ¥, (gl =38 —q) eV,
with the phase-space point (¢, p) € ® = R*" as a parameter. It can be called a gp-system.
Let us note that in contrast to generalized coherent states the space W does not coincide with
its dual space W+,

The main features of the gp-system resembling the canonical group coherent states system
are as follows:

I_ Ip){q| dgdp

{glp) @m)"
This follows directly from the Fourier transform properties.

resolution of unity (A.15)

(qp) = exp(igp) normalizing condition.

(alar = (qlax, Pilp) = prlp)

where ¢gp-states are eigenfunctions of canonical group generators (with provision for duality).
Using gp-states one can introduce operator’s gp-symbols as

(A.16)

{a|Alp)
Alg,p) ==L (A17)
(qlp)
The function’s symbol coincides with the function’s value
(gl =¥ (q). (A.18)

For the operators being polynomial functions of generators A= f (g, p) the gp-symbol can
be found after operators transform to the so-called gp-normal form—all g on the left of all p.
For normal operator A(g, p) = f (g, p) which is the consequence of equation (A.16).

The gp-symbol of the product of operators A - B is the convolution of gp-symbols of the
factors, which has the form ((A.15) and (A.17) are used)
q'dp’

Qmym
Operators can be restored (with equations (A.15) and (A.17)) by their gp-symbols as
|P)A(g, P){q | P'}{q'| dg dp dg’dp’

(glpY{q" | p") Qm)r Q2u)r

M*m@m=fA@ﬂwm¢mew@@—¢»W—)) (A.19)
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